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Abstract
We utilize S. Park’s maximal element theorem in this paper to prove the existence theorems of
solutions of the complementarity problems for multivalued monotone operator in Banach spaces.
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1. Introduction
The complementarity problems theory was introduced and studied by C.E. Lemke [8],
R.E. Cottle and G.B. Dantzig [4] in the early 1960s. Since then it was applied to many re-
alistic problems [3,4,10,12]. In particular, some important results were obtained in Banach
spaces [5–7,11,12]. On the basis of these results, in this paper we introduce a new con-
cept of complementarity problem for multivalued operator and utilize S. Park’s maximal
element theorem [9] to prove the existence theorems of solutions of the complementarity
problems for multivalued monotone operator in Banach spaces. Some results of [3,7,11]
are improved and extended.
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Throughout this paper, we assume that E is a real Banach space, E∗ denotes the conju-
gate space of E, and 〈· , ·〉 denotes the pairing between E∗ and E, and we set
2E
∗ = {A: A ⊂ E∗ and A nonempty}.
Let P ⊂ E be a convex cone and P ∗ denotes the conjugate cone of P , i.e.,
P ∗ = {u ∈ E∗: 〈u,x〉 0, ∀x ∈ P}.
Let T :P → 2E∗ be a multivalued operator. The so-called complementarity problem of
T is to find points x ∈ P and u ∈ T x such that
T x ⊂ P ∗ and 〈u,x〉 = 0.
Remark 1. In particular, in case T :P → E∗ is a single-valued operator, the complemen-
tarity problem of T is to find a point x ∈ P such that
T x ∈ P ∗ and 〈T x,x〉 = 0.
Definition [2]. An operator T :X ⊂ E → 2E∗ is called monotone if for any x, y ∈ X, any
u ∈ T x , and w ∈ Ty , we have
〈u − w,x − y〉 0.
T is called strictly monotone if 〈u − w,x − y〉 = 0 implies x = y .
In order to prove the main results in this paper, we give the two following lemmas.
Lemma 1 [9, Maximal element theorem]. Let (X,D,Γ ) be an H-space and S :D → 2X,
T :X → 2X multifunctions such that
(1) for each x ∈ D,Sx ⊂ T x and Sx is compactly open, and
(2) for each y ∈ X,T −1y is H-convex.
Suppose that there exists a nonempty compact subset K of X, such that either
(i) X \ K ⊂ S(M) for some nonempty finite subset M of D, or
(ii) for each nonempty finite subset N of D, there exists a compact H-subspace LN of X
containing N such that
LN \ K ⊂ S(LN ∩D).
Then either there exists y0 ∈ K such that S−1y0 = ∅ or there exists x0 ∈ X such that
x0 ∈ T x0.
Lemma 2 [2, Lemma 2.5.2]. Let E be a real Banach space, and X ⊂ E be a nonempty
convex subset. Suppose that T :X → 2E∗ is a multivalued operator which is upper semi-
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T x is weakly ∗ compact subset in E∗. Then for each x ∈ X, the intersection set
{
y ∈ X: inf
w∈Ty〈w,y − x〉 0
}
∩ [x, y]
is closed (where [x, y] denotes any line segment of X).
For the sake of convenience, we denote by “ w−→” the weak convergence.
3. Main results
In this section, we apply S. Park’s maximal element theorem to study the complemen-
tarity problems for a multivalued monotone operator in Banach spaces.
Theorem. Let E be a Banach space and P ⊂ E be a closed convex cone. Suppose that
T :P → 2E∗ is a monotone operator and satisfy the following conditions:
(1) T is upper semi-continuous from the norm topology in P to the weak ∗ topology in
E∗, and for each x ∈ P , T x is a weakly ∗ compact subset in E∗;
(2) there exist two nonempty weakly compact subsets Ω and M of P , such that for each
x ∈ P \ Ω , there exists y ∈ M such that
sup
w∈Ty
〈w,x − y〉 > 0.
Then there exist x ∈ P and u ∈ T x such that
T x ⊂ P ∗ and 〈u, x〉 = 0.
If to suppose further that T :P → 2E∗ is a strictly monotone operator then the solution of
the complementarity problem of T is unique.
Proof. For any finite subset A of E, let ΓA = coA (where coA denotes the convex hull
of A). It is easy to see that (E, {ΓA}) is an H-space in accordance with the weak topology
in E, and P is an H-convex set in (E, {ΓA}); this implies that (P, {ΓA}) = (P, {ΓA ∩ P })
is an H-space, too (see [1]).
Define two multivalued mappings S,G : P → 2P by
S(y) =
{
x ∈ P : sup
w∈Ty
〈w,x − y〉 > 0
}
for y ∈ P,
G(y) =
{
x ∈ P : inf
u∈T x〈u,x − y〉 > 0
}
for y ∈ P.
It follows from the monotonicity of T that S(y) ⊂ G(y) for each y ∈ P .
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in P . For this we need only to prove that S(y) is an open set in accordance with weak
topology in P ; that is, to prove that the set
P \ S(y) =
{
x ∈ P : sup
w∈Ty
〈w,x − y〉 0
}
(1)
is weakly closed in P for each y ∈ P .
In fact, for any net {xα} ⊂ P and xα w−→ x0, note that Ty is weakly ∗ compact for each
y ∈ P ; hence there exists w ∈ Ty such that
sup
w∈Ty
〈w,xα − y〉 − sup
w∈Ty
〈w,x0 − y〉 sup
w∈Ty
〈w,xα − x0〉 = 〈w,xα − x0〉 → 0.
Again by weak * compactness of Ty , for each y ∈ P there exists w∗ ∈ Ty such that
supw∈Ty〈w,x0 − y〉 = 〈w∗, x0 − y〉. Thus
sup
w∈Ty
〈w,x0 − y〉 − sup
w∈Ty
〈w,xα − y〉 〈w∗, x0 − y〉 − 〈w∗, xα − y〉
= 〈w∗, x0 − xα〉 → 0.
Hence∣∣∣ sup
w∈Ty
〈w,xα − y〉 − sup
w∈Ty
〈w,x0 − y〉
∣∣∣→ 0. (2)
So the real valued function x → supw∈Ty〈w,x − y〉 is weakly continuous for each y ∈ P ;
this shows that P \ S(y) is a nonempty (y ∈ P \ S(y)) weakly closed subset of P .
Taking a point x∗ ∈ P \Ω , for any nonempty finite subset N of P , let LN = co({x∗} ∪
N ∪ Ω ∪ M); it follows from the condition (2) that for Ω and M weakly compact, {x∗} ∪
N ∪ Ω ∪ M is weakly compact. Thus LN is a weakly compact convex subset in P by
Krein–Milman theorem and LN ⊃ N . This implies that LN is weakly compact H-convex,
hence (LN, {ΓA}) = (LN, {ΓA ∩ LN }) is a weakly compact H-subspace of P . Obviously,
LN \Ω = ∅; let x ∈ LN \ Ω ; then x ∈ P \ Ω ; it follows from the condition (2) that there
exists y ∈ M such that
sup
w∈Ty
〈w,x − y〉 > 0.
Thus x ∈ S(y); this shows that
LN \ Ω ⊂
⋃
y∈M
S(y) ⊂
⋃
y∈LN
S(y) = S(LN ∩ P). (3)
Next we will prove that G−1(x) is H-convex. Suppose that
S−1(x) =
{
y ∈ P : sup
w∈Ty
〈w,x − y〉 > 0
}
= ∅ for each x ∈ P.
By the monotonicity of T , we obtain
G−1(x) =
{
y ∈ P : inf
u∈T x〈u,x − y〉 > 0
}
⊃ S−1(x). (4)
Thus G−1(x) = ∅ for each x ∈ P . Let y1, y2 ∈ G−1(x) and 0 α  1; we have
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u∈T x〈u,x − [αy1 + (1 − α)y2]〉 α infu∈T x〈u,x − y1〉 + (1 − α) infu∈T x〈u,x − y2〉
> 0. (5)
This shows that G−1(x) is a nonempty convex set, therefore G−1(x) is a nonempty
H-convex set.
Let D = X = P in Lemma 1; then there exists x0 ∈ P such that x0 ∈ G(x0), that is
infu∈T x0〈u,x0 − x0〉 > 0, a contradiction. Hence there exists x ∈ P such that S−1(x) = ∅,
that is
sup
w∈Ty
〈w,x − y〉 0 for each y ∈ P. (6)
Let again yt = x + t (y − x) for each y ∈ P and 0 t  1; then yt ∈ P . By (6) we have
t · sup
w∈Tyt
〈w,x − y〉 = sup
w∈Tyt
〈w,x − yt 〉 0 for 0 t  1. (7)
Thus
sup
w∈Tyt
〈w,x − y〉 0 for 0 < t  1. (8)
Now suppose that
inf
u∈T x〈u, x − y〉 > 0 for some y ∈ P. (9)
We denote [y,x] = {yt : 0 t  1}; it follows from Lemma 2 that G(y)∩ [y,x] is an open
set in [y,x] and x ∈ G(y)∩[y, x]. Note that yt → x as t → 0+, thus there exists t0 ∈ (0,1]
such that yt ∈ G(y)∩ [y,x] for any t ∈ (0, t0). This implies that
0 < inf
u∈Tyt
〈u,yt − y〉 = (1 − t) inf
u∈Tyt
〈u,x − y〉. (10)
Since 1 − t > 0, we have infu∈Tyt 〈u,x − y〉 > 0 for each t ∈ (0, t0), this contradicts to (8);
hence
inf
u∈T x〈u, x − y〉 0 for each y ∈ P. (11)
Note that x ∈ P and P is a closed convex cone, therefore we have λx ∈ P for λ  0.
Now let y = λx in the formula (11). As λ > 1, we have
0 inf
u∈T x〈u,y − x〉 = infu∈T x〈u, (λ − 1)x〉. (12)
Thus
inf
u∈T x〈u, x〉 0. (13)
As 0 λ 1, again by the formula (11) we obtain
inf
u∈T x〈u, x − y〉 = infu∈T x〈u, (1 − λ)x〉 0. (14)
This implies that
inf 〈u, x〉 0. (15)
u∈T x
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compact set; hence there exists u ∈ T x such that
〈u,x〉 = inf
u∈T x〈u,x〉 = 0.
Finally, we will prove that T x ⊂ P ∗. Suppose that this is not true; that is, there exists
u0 ∈ T x, u0 /∈ P ∗, thus there exists y0 ∈ P such that 〈u0, y0〉 < 0. It follows from the
formula (11) that
0 inf
u∈T x〈u,y0 − x〉 infu∈T x〈u,y0〉 − infu∈T x〈u,x〉 = infu∈T x〈u,y0〉 〈u0, y0〉 < 0;
a contradiction, hence T x ⊂ P ∗.
Now suppose further that T :P → 2E∗ is a strictly monotone operator. Let y ∈ P be
another solution of the complementarity problem of T ; that is, there exists w ∈ T y such
that T y ⊂ P ∗ and 〈w,y〉 = 0. It follows from the monotonicity of T that for x, y ∈ P and
u,w ∈ P ∗ we have
0 〈u − w,x − y〉 = 〈u,x − y〉 − 〈w,x − y〉 = 〈u,x〉 − 〈u, y〉 − 〈w,x〉 + 〈w,y〉
= −〈u,y〉 − 〈w,x〉 0.
Hence 〈u−w,x − y〉 = 0, also T is a strictly monotone operator, and u ∈ T x, w ∈ T y; we
obtain y = x, this completes the proof. 
Corollary. Let E be a reflexive Banach space and P ⊂ E be a closed convex cone. Suppose
that T :P → 2E∗ is a monotone operator and satisfy the following conditions:
(1) T is upper semi-continuous from the norm topology in P to the weak topology in E∗,
and for each x ∈ P , T x is a weakly compact subset in E∗;
(2) there exists a bounded set B ⊂ P and a point y0 ∈ B , such that
sup
w∈Ty0
〈w,x − y0〉 > 0 for each x ∈ P \B.
Then there exist x ∈ P and u ∈ T x such that
T x ⊂ P ∗ and 〈u, x〉 = 0.
Proof. Let
A(y0) =
{
x ∈ P : sup
w∈Ty0
〈w,x − y0〉 0
}
.
By the conditions of the Corollary, we can prove that A(y0) is a nonempty weakly closed
set in P (see the proof of the Theorem), and that x /∈ A(y0) for each x ∈ P \ B . Thus
A(y0) ⊂ B; this shows that A(y0) is bounded weakly closed in P . Note that E is a reflexive
Banach space, hence A(y0) is weakly compact in P , and for each x ∈ P \ A(y0), there
exists y0 ∈ A(y0) such that
sup
w∈Ty0
〈w,x − y0〉 > 0.
By the Theorem, we see that the Corollary is true. 
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Corollary then the solution of the complementarity problem of T is unique.
Remark 3. The Theorem and the Corollary extend some results in [3,7,11] to multivalued
operators and Banach spaces.
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